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Abstract 



We investigate infra-red dynamics of the non-linear sigma model in de Sitter space. In the 
presence of minimally coupled massless scalar fields, the de Sitter symmetry is dynamically 
broken and physical constants become time dependent. We find that the effective coupling 
constant of the non-linear sigma model becomes time dependent. The power counting ar- 
guments of the infra-red logarithms indicate that the effective cosmological constant also 
acquires time dependence. We find that such infra-red logarithms cancel out in a pertur- 
bative investigation up to the two loop level. We further demonstrate a non-perturbative 
non-renormalization of the cosmological constant in the large limit of the non-linear sigma 
model. 
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1 Introduction 



Cosmic inflation at the early universe and dark energy at the present universe, the past 
and current exponential expansions of the universe are likely to be driven by the effective 
cosmological constant. The resolution of the cosmo logical constant problem must address 
apparent time dependence of the effective cosmological constant in addition to why it is so 
small in comparison to the Planck scale. Our understanding on the history of the effective 
cosmological constant has been progressing at a remarkable pace thanks to increasing more 
accurate observations on the cosmic micro wave background and dark energy. In contrast, 
the theoretical understanding of the cosmological constant is modest at best. 

In fact field theories in de Sitter space are still poorly understood. As the metric is time 
dependent, we need to employ Schwinger-Keldysh formalism to investigate the effects of the 
interaction [H |2j . Non-equilibrium physics may play an important role in this problem [3] . 
The constant shift of the cosmic time can be compensated by rescaling the spatial coordinate 
to leave the metric invariant. The important issue is whether there is a mechanism to break 
this de Sitter symmetry. The local physics probed by the Boltzmann equation respects de 
Sitter symmetry since the local degrees of freedom in field theory are time independent [1] . 

On the other hand, the degrees of freedom outside the cosmological horizon increase with 
cosmic evolution. This increase gives rise to a growing time dependence to the propagator 
of a massless and minimally coupled scalar field and gravitational field. In fact it is a direct 
consequence of their scale invariant fluctuation spectrum. In some field theoretic models on 
de Sitter space, the de Sitter symmetry is dynamically broken and the effective cosmological 
constant acquires a time dependence through such an effect. The relevance of this infra-red 
effect to the cosmological constant problem has been pointed out in [5]. 

In (fi^ theory, the infra-red effects to the cosmological constant has been investigated in 
perturbation theory [6]. In generic models, the maximum power of the infra-red logarithms 
can be estimated at each order in Schwinger-Keldysh perturbation theory . These results 
indicate that the perturbation theory breaks down if the de Sitter expansion continues long 
enough. In such a situation, we have to investigate the infra-red effect non-perturbatively. 
Remarkably the leading non-perturbative infra-red effect can be evaluated by the stochastic 
approach [SI IH] . However in a general model with derivative interactions, we don't know how 
to evaluate the non-perturbative infra-red effect. 
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As a model with derivative interactions, we investigate the non-hnear sigma model in this 
paper. The global symmetry guarantees that the non-linear sigma model contains massless 
and minimally coupled scalar fields while a fine tuning is necessary in the case of polynomial 
interactions. Furthermore we can perform some non-perturbative investigations as it is 
exactly solvable in the large N limit. Another point is that there is some similarity to the 
Einstein action as it consists of the derivative interactions of the metric tensor field. 

The organization of this paper is as follows. In Section 2, we recall a scalar field theory 
in de Sitter space, in particular its infra-red behavior. In Section 3, we investigate the 
quantum expectation value of the energy-momentum tensor in an interacting scalar field 
theory through a polynomial potential. In Section 4, we investigate the energy- momentum 
tensor of the non-hnear sigma model. We find unexpected cancellations of the IR logarithms 
beyond the IR power counting arguments both in a concrete perturbation theory and in a 
non-perturbative investigation. These are our main results in this paper. In Section 5, we 
evaluate the trace of the energy momentum tensor to confirm the results in Section 3 and 4. 
We conclude with discussions in Section 6. 



2 Scalar field in de Sitter space 

We introduce a massless scalar field theory in de Sitter(dS) space in this section. In particu- 
lar, we focus on its infra-red(IR) dynamics which makes physical quantities time dependent. 

In the Poincare coordinate, the metric in dS space is 

ds" = -dt^ + a'{t)dx\ a{t) = e^*, (2.1) 

where the dimension of dS space is taken as D = 4 and H is the Hubble constant. In the 
conformally fiat coordinate, 

9nu = a^{r)r)^^, a{r) = (2.2) 
Here the conformal time r is related to the cosmic time t as t = 

The quadratic action for a massless scalar field which is minimally coupled to the dS back- 
ground is 

Smatter = \ j V^d'^X [-g'"'^,^(p^^,(p]. (2.3) 



The positive frequency solution of the equation of motion with respect to this action is 

, , . Ht , 1 



1 - I — ) e-'P^-^'P-'', (2.4) 



where p = |p|. We expand the scalar field as 

(ap0p(x) + ai0;(x)) . (2.5) 

We consider the Bunch-Davies vacuum |0) which is annihilated by all the destruction oper- 
ators Vap|0) = 0. The propagator in such a vacuum is 

/d'^p 
0p(x)0p(x') 

d^P H'^Tt' . 1 , 1 \ „_jp(r-r')+jp-{x-x') 



(27r)'^ 2p pr pr 

Let us estimate the magnitude of the quantum fluctuation by taking the coincident limit 
of the propagator. It consists of the contributions from inside and outside the cosmological 
horizon as follows 

...... f d^P 1 , . /• d^P 1 , 

(y^ixMx))^ -—— + H' TTT-VTTTm, (2.7) 



/p>^(27r)3 2P yp<^(27r)3 2P3' 

where P denotes the physical momentum P = p/e^* = H\t\p. The UV contribution (P > H) 
is quadratically divergent just like in Minkowski space. It can be regularized and renormal- 
ized in an identical way. The logarithmic IR divergence due to the contributions from outside 
the cosmological horizon (P < H) is specific to de Sitter space. To regularize this IR diver- 
gence, we introduce an IR cut-off : 

-H 

dP. (2.8) 



'eoH\T\ 

Here Eq fixes the minimum value of the comoving momentum [TU] . 

With this prescription, more degrees of freedom go out of the cosmological horizon P = H 
with cosmic evolution. In contrast, the ultra-violet (UV) cut-off Kuv fixes the maximum 
value of the physical momentum 

dP. (2.9) 

H 

Therefore, while the degrees of freedom inside the cosmological horizon remains constant, 
the degrees of freedom outside the cosmological horizon increases as time goes on 

dP= dP+ dP. (2.10) 

Jh JeoH\T\ 

const increase 
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The contribution from outside the cosmological horizon gives a growing time dependence to 
the propagator 

dP 

{ip{x)ip{x)) = {UV const) + 



471- JeoH\T\ P (2.11) 

= {UV const) + — I log(eok|)|. 

Physically speaking, we consider a situation that a universe with a finite spatial extension 
or a finite region of space starts de Sitter expansion at an initial time tj. The IR cut-off Eq 
is identified with the initial time tj as 

|log(eo|r|)| = loge^(*-*'), = ;^log|. (2.12) 

Henceforth we adopt the following setting for simplicity 

eQ = H^ti = {). (2.13) 

In this setting, the propagator is 

{^{x)^{x)) = {UV const) + — log a(r). (2.14) 

We have thus recapitulated the characteristic feature of the propagator of a minimally cou- 
pled massless scalar field in de Sitter space [HI [121 IIS]- The metric of de Sitter space is 
invariant under the time translation t — )■ t + c if we simultaneously rescale the spatial coordi- 
nate X — e~^'^x. This de Sitter invariance is not respected by the propagator of a minimally 
coupled massless scalar field due to IR divergences. The time dependence of the propagator 
induces time dependences to physical quantities if we consider the effects of the interaction. 
We investigate such effects which cause the dynamical break down of de Sitter invariance in 
the subsequent sections. 



3 Energy-momentum tensor 



In this section, we investigate the energy-momentum tensor T^j, for a scalar field which 
appears on the right-hand side of the Einstein equation. 

Rfiu - + ^9iJ.u = i^T^y, K = 8itG, 

-9 AQ (3-1) 

rri ^ matter 
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where A is the cosmological constant and G is the Newton's constant. The de Sitter invari- 
ance imphes that the quantum expectation value of T^,^ is proportional to the metric tensor 
Qfj,^. It thus contributes to the effective cosmological constant. 



3.1 Contribution from a free field 

In the minimally coupled massless free scalar field theory, the vacuum expectation value(vev) 
of the energy-momentum tensor is 



(3.2) 



In order to evaluate the quantum expectation value, we need to regularize UV and IR 
divergences of the theory. We adopt the dimensional regularization with D = 4 — e as a 
regularization for UV divergences. Note that the de Sitter invariance of the propagator is 
respected in this regularization. It is because the UV divergences are represented by 1/e, 
that is, a constant in the dimensional regularization. We regularize the IR divergences by 
considering a universe with a finite spatial extension as we explained in the preceding section. 



In this way, the propagator for a massless and minimally coupled scalar field is constructed 
as follows [H] 

{ip{x)ip{x')) = a{-f{y) + 13 log(a(r)a(r ))}, 

1 r(3-£) 



1 



+ 



r(3 



n=l 



41-t r2(2 - 
r(3 + n-£) 

_nr(2 + n- |)r(2 



/3 = 

r e 



41-f r2(2-|)' 



-42 - 



r(3 + n- I) 



n + |(n + l)!r(2-|)' 



4n+l ' 



-) + ^(3-£) + V'(l), 



where y is a dS invariant distance function 



y = 



TT 



(3.3) 
(3.4) 



(3.5) 



(3.6) 



Note that the log(a(r)a(r')) term comes from the IR cut-off and breaks the dS invariance. 
If a field is massive, the IR cut-off is not required and the dS invariance is retained [I5l [T6] . 
However there is no smooth massless limit and we need to cope with large IR quantum 
effects anyway. If we consider a universe with a finite spatial extension, a massive field 
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behaves just like a massless field until when the mass term cuts off the IR growth of the 
propagator at t ~ H/w? [HI [T21 HZl UHl US]. We are interested in the coincident limit of 
the propagator and its derivatives when we evaluate the quantum expectation value of the 
energy- momentum tensor. Although it looks cumbersome that 7(7/) has infinite terms, only 
finite terms contribute in our investigation. 

In the free field theory, the following two derivative operation cancels out the IR logarithm 

9X log (a(r)a(r')) =0. (3.7) 

Only the term which is proportional to y contributes to the vev of the energy-momentum 
tensor 

lim dpd'.y = -2H^gp^, (3.8) 

x'—^x 

{Tf.u) = ipr^gi.u- (3.9) 

As a result, the vev of the energy-momentum tensor is proportional to g^u in the free field 
theory. From the Einstein equation (13. ip . the effective cosmological constant is 

Ae// = A-«:^. (3.10) 

The effective cosmological constant has no time dependence in the free field theory. It is 
because there is no IR divergences when we evaluate the quantum expectation value of the 
energy-momentum tensor in a free scalar field theory. 

In this paper, we work with the Poincare coordinate. The propagator and the energy- 
momentum tensor for a free field is investigated by using the global coordinate in [20| |2T] . 
The result is a little different from (13. 9p . However the difference rapidly vanishes at late times 
with the spatial expansion. To obtain the growing time dependence, we need to consider the 
interaction effects. It is necessary that there is a propagator left intact by the derivatives 
{ip{x)ip{x')) in the relevant diagram. 

Before investigating interacting field theory, we refer to the conformal anomaly. The con- 
formal anomaly also contributes to the vev of the energy-momentum tensor [22]. In the 
case of the minimally coupled scalar field in de Sitter space, it leads to the following energy 
momentum tensor in addition 

This contribution has no time dependence as the conformal anomaly is the UV effect. In 
this paper, we focus on the IR contribution to the cosmological constant and its possible 
time dependence. 
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3.2 Contribution from an interacting field : Perturbative effect 



Here we investigate the perturbative effects to the vev of the energy-momentum tensor in 
an interacting field theory. 

First, we consider a scalar field theory with an interaction potential 

Smatter = j V^d^X [-^g^" d^ifid^ifi - V{ip)]. (3.12) 

In this case, the energy-momentum tensor is given as follows 

^/.^ = (V^/ - lv>..Vnd,^d,^ - 9,.V{^). (3.13) 

As we have recalled in the previous section, the propagator of a massless minimally coupled 
scalar field contains the time dependent term log(a(T)a(T')). So the vev of the potential 
becomes time dependent. log(a(T)) = Ht factor grows with cosmic expansion which even- 
tually gives rise to a large IR quantum effect. The maximum power of the IR logarithms 
can be estimated in each order of Schwinger-Keldysh perturbation theory. In the case of 
the polynomial interaction, each propagator could produce a single IR log factor. Although 
the retarded propagator resulting from the commutator in the Schwinger-Keldysh perturba- 
tion theory does not contain any IR log factor, the associated time integration produces a 
single IR factor nevertheless. In the end, the maximum power of the IR logarithms can be 
estimated by counting the number of the propagators in a diagram. 

In this way the leading IR contributions coming from the potential are estimated as 

-9,u{V{^)) = -g,.V{T) ^ -5^. 5^ KA" log™" a(T), m G N. (3.14) 

n=l 

Here wc have focused on the dominant effect at late times when log a(r) ^ 1. At the n- 
th order of the coupling constant in Ay?^™ theory, we retain the term of order (Alog™(a))'^ 
where the power of the IR logarithm is maximum. Even if A is small, higher order terms 
cannot be neglected as Alog™(a) approaches 0{1). Thus we need to sum these leading 
logarithms first in order to understand the IR effects non-perturbatively. Sub-leading terms 
are suppressed by powers of A just like the resummation of IR logarithms in QCD. Since 
the contribution from the potential is proportional to g^y, it gives rise to a time dependent 
effective cosmological constant. 

The energy-momentum tensor is covariantly conserved under the use of the equation of 



7 



motion : 



-I 



gd'x D.T^^i, 



(3.15) 



^ = 0, 

where denotes the Lie derivative. If the energy-momentum tensor is proportional to g^i,, 
its time dependent coefficient is not consistent with the conservation law. 



The contribution from the kinetic term resolves this puzzle. {dpipd„(p) possesses the following 
structure 

{d,vd^^) = -g,a^, + a\T)5XK\T) + g,.K'{Tl 

K\t) Y^KlX- log---' a{T\ (3 16) 

n=l 

X2(t) ~ J]0"log"^"-^ a(T). 

n=l 

Here the first term is the the free field theory contribution at the one loop level. Note that 
the kinetic term is sub-dominant in comparison to the potential term except at the one 
loop level. It is because taking two derivative operations weakens the IR effect. So in the 
energy-momentum tensor, we can neglect the contribution 5i^i,{|ii'^(r) — K'^{t)}. That is, 
we estimate the vev of the energy-momentum tensor as follows 

(T,.) ^ 5..^ + a\T)5^HJ^K\T) - g,^V{T). (3.17) 

In the case that the potential term acquires time dependence, the following identity follows 
from the conservation law 

K\r) = l^V{r) ^ KI{t) = -^V;(r). (3.18) 

The de Sitter invariance is thus broken down to the spatial rotation and spatial translation 
invariance due to the IR quantum effect. 

We summarize the IR effects to the expectation value of the energy-momentum tensor here. 
At the one loop level, the contribution is identical to that of a free field and there is no 
IR effects. At (9(A") (n > 1) when the effect of the interaction becomes important, the 
potential term becomes dominant at late times in de Sitter expansion. The dominant term 
is proportional to gi^„ and so contributes to the effective cosmological constant 

Kff = ^-K^, + KV{T). (3.19) 



The kinetic term at (9(A") (n > 1) is sub- dominant and contains the term which is pro- 
portional to S^SJ'. Such a term is related to the effective cosmological constant due to the 
conservation law 

D,{T^.) ^ K'{lK\r) - -^Vir)} = 0. (3.20) 

We can explicitly check that the condition fl3.18p is satisfied, for example, in ip^ theory. The 
2-loop expectation value in ip^ theory is evaluated as follows [H] 

~9,AV{v)) = -9,u^,\og'a{T), (3.21) 

{d,<pdM ^ -9p.^, - <^\r)5Xi^^,^oga{T). (3.22) 
The effective cosmological constant increases as time goes on 

^eff = A - + log' a{T). (3.23) 



Nevertheless the energy-momentum tensor is covariantly conserved 

3 AiJ^ , , , d XH 



- C{ - !^loga(r) - i^^air)} = 0. (3.24) 



The structure of the vev of the energy-momentum tensor (13.171) holds in a generic model. 
The coefficients of the two independent tensors g^u and 6^6 are related as (I3.18P because of 
the conservation law. In the models we reviewed in this section, the dominant contribution 
comes from the potential term. However in a model with derivative interactions only, we need 
to estimate the contribution from the kinetic term. As a model with derivative interactions, 
we investigate the non-linear sigma model in the next section. 



3.3 Contribution from an interacting field : Non-perturbative ef- 
fect 



Perturbation theory eventually breaks down when A log*" a(r) ~ ^-2m+4^ need a tool 

to investigate the non-perturbative effect in such a regime. There is a stochastic approach 
for investigating such a non-perturbative effect [8l [9] . It can be regarded as a resummation 
procedure of the leading IR logarithms due to an interaction potential. Here we briefly recall 
this prescription. 
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In a minimally coupled scalar field theory with a potential, the equation of motion is 

(p + 3/70 - ^d^i^ + V\^) = 0, (3.25) 



where (p = -^(p. The equation of motion can be integrated as 

(^(x) = ^o{x) - I dt'a^it') j £x' G^{x, x')V' {^{x')), (3.26) 

where ^po^x) denotes a free field and G^(x, x') is the retarded propagator 

G^(x,x') = e{t-t')[{^,{x)^,{x')) - {^,{x')^,{x))]. (3.27) 



As we are interested in the dominant IR effect at late times, we extract the contribution 
from outside the cosmological horizon 

For the same reason, we extract the leading IR contribution of the propagator 



J [l-ny \/2n3 \/2»3 



G^ix x') - eit - t') I - ( — ^— \ e+^P-(''-''') 



(3.29) 



By substituting (Km and ( Km to Eq.^M^, 

where we have neglected the term : a~^{t) dt'a^{t')V(^(p>{t' ,x) because it is sub-dominant. 

By differentiating Eq. (13.301) with respect to t, we obtain the Langevin equation with the 
white noise 

1 

ip{x) = ip>o{x) - {Mx)Mx')) = -^^(^ - ^')- (3-31) 

It describes a random walk in the field space. Since the fractal dimension of the random 
walk is two, the propagator grows linearly with the cosmic time Ht = log a at the initial 
stage. The Langevin equation is equivalent to the Fokker-Planck equation 
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where ip) is the probabihty density. The vevs of the operators are given by 

POO 

(¥p2"(a;))=/ du u^''p{t,u). (3.33) 



We can reproduce the leading log terms in the perturbative expansion in this approach. 
Furthermore it allowed us to determine the non-perturbative effect at t — )■ oo when we 
assume that an equilibrium state is established at t — )■ cxd : p{t,ip) — )■ p^o^'-p)- In this 
assumption, the Fokker-Planck equation is 

= ^^'(^)Poo(^) + ^^Poo(^). (3.34) 



The solution is 



Poo(v^)=iVexp(-^F(v9)), (3.35) 



where N is the normalization factor : f^^du Poo{uj) = 1. From fl3.33p and fl3.35p . we 
can evaluate the vevs of the operators at t — )■ oo, especially the vev of the potential. The 
dynamics of the final equilibrium state may be understood by that of the zero mode in a 
Euclidean scalar field theory on 5*4 



For example, in theory, the probability density is 



pM = ^ (^) ' exp (-y a|,) . (3.36) 
The vev of the potential is 

(n^)) = (3.37) 
As we observe in (13.211) . the 2-loop effect increases the vev of the potential as time goes 
on. It is because the magnitude of field grows due to a random walk in a stochastic 
approach. Eventually the drift force due to the potential becomes important and reaches an 
equilibrium. Thus the following consistent picture emerges, namely the effective cosmological 
constant increases at the initial stage and the growth is eventually saturated at a constant 
value. 

To evaluate the vev of the energy-momentum tensor, we also need to consider the kinetic 
term. Note that we retain only the leading IR effect in the stochastic approach. The kinetic 
term is sub-dominant in comparison to the potential term except at the one loop level. So 
we can't calculate the kinetic term directly in the stochastic approach. Nevertheless the 
structure of the kinetic term is constrained by the conservation law. As the potential term 
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^e// = A - + = A. (3.38) 



approaches a constant at t — )■ oo, the de Sitter symmetry breaking contribution from the 
kinetic term also vanishes. That is, the term which is proportional to S^SJ' approaches 
to 0. Of course, it is possible that the sub-leading terms give a finite contribution to the 
cosmological constant. However these contributions are 0{\m) at most. We can neglect 
them if A < H-^"'+^. 

From fl3.37p . the effective cosmological constant at t — )■ oo is as follow in ip^ theory 

The contribution from the kinetic term at the one loop level and the non-perturbative con- 
tribution from the potential term cancel out each other. It is an accident in yj^ theory. In 
^2m _^ 2) theory, there remains a finite contribution to the cosmological constant. 

This stochastic approach has been applied to investigate non-perturbative IR effects in 
Yukawa theory [21] and Scalar QED [25]. These models reduce to a scalar field theory 
with a potential f l3.12p after integrating out the conformally coupled scalar fields, Dirac 
fields or vector fields. 

Another non-perturbative approach to investigate IR effects is to consider the large N limit 
where N counts the number of scalar field. In such a limit, we can solve the model by a 
saddle point approximation. The action for Lp'^ theory with 0{N) symmetry can be expressed 
as follows 

Smatter = J V^d'x [-^gf^-^ d,^' d^if' - ^{^^ + (3-39) 

where i = 1 ■ ■ ■ N and x is an auxiliary field. By differentiating the action with respect to 
X, we find that x represents a composite operator 

= ^X. (3.40) 

In the large N limit, we can neglect the fluctuation of x- So the action (13.391) reduces to a 
free massive scalar field theory plus the constant term A^x^/2A. 

Here x acts as the mass of scalar fields = x- At the initial stage, grows with time as 
is determined from (I3.40p 

m2 = log a(r). (3.41) 
Eventually it approaches a constant which is self-consistently determined as 

IGvr^m' 



= ^T7-^> (3-42) 



12 



where we have assumed that m? / H"^ is small. From f l3.42p . 



m' = X = (3.43) 
47r 

Recall that the propagator of a massive scalar field has the dS invariance. Therefore the vev 
of the energy-momentum tensor is written as follows 

(T,.) = ^(T/). (3.44) 

The trace of the energy- momentum tensor is 

IN 

where = -^^d^{^—gg'^^dy). In the third line, we have used the equation of motion 

VV* - ^V' = 0. (3.46) 
By substituting (l3:40|) and <^M) to (jMSD, 

(T/) = 0, Ae// = A. (3.47) 

This result is consistent with that in the stochastic approach fl3.38p . However this is an exact 
non-perturbative result in the large limit beyond the leading logarithmic approximation. 
Note that we extract the term which is proportional to H'^/m? in the right hand side of 
(I3.42p . Subsequent terms give C(A^) shift to the cosmological constant. 

Unlike the scalar field theory with an interaction potential, we don't know how to evaluate 
the non-perturbative IR effect in a generic model with derivative interactions. Non-linear 
sigma model is such an example while quantum gravity is another. It is very important 
to investigate IR effects in these models. With this motivation, we consider the non-linear 
sigma model in the next section. We can investigate some non-perturbative effects also since 
it is exactly solvable in the large A^ limit. 



4 Non-linear sigma model 

As a model with derivative interactions, we consider the non-linear sigma model. The global 
symmetry of the model ensures that the non-linear sigma model consists of massless and 
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minimally coupled scalar fields. Furthermore, it becomes exactly solvable in the large 
limit which enables us to investigate certain non-perturbative effects. For these reasons, we 
study the non-linear sigma model. 



4.1 Perturbative result 



First we investigate the non-linear sigma model at the perturbative level. The non-linear 
sigma model in de Sitter space is given by a map from de Sitter space to a target space with 
a global continuous symmetry. The scalar fields <y9* appear as its coordinates representing 
Nambu-Goldstone bosons of the spontaneously broken symmetry. The action is 

Scatter = 7^ f V^d'x G,,{v){- g^'' d.^'d^^^' ) , (4.1) 



29 

where is the coupling constant and Gij (i = 1 • ■ ■ A^) is the metric of the target space. To 
investigate the quantum effect at 0{g^), we use the background field method 



Smatter = V^d'x [G,,{- g^" d,^' d,^^) - R,a,b{C i'){~9^'' d^if' d.if^) (4.2) 

+ ( - g^^\D,inD,ir) - li?,,,,(e^'')( - g^'^(D^inD,iY) +■■■", 

where ip"^ are the background fields, ^* are the quantum fluctuations. Here Rikji is the 
Riemann tensor and the covariant derivative are 

= d,e + r',kd,^'e- (4.3) 

By using the vielbein e^", we can work in the fiat tangential space Ejsr instead of the target 
space 

r = e,T, {D.O" = + <'d,v'e. (4.4) 

where Ui"^ is the spin connection. Henceforth we rescale the quantum fluctuation ^/g ^ 
for convenience. 

Here we may assume that the Ricci tensor Rij is proportional to Gij just as the maximally 
symmetric space. From the terms which are proportional to Gij{—g'^'^dnip^diyip^), the effective 
coupling constant is found as follows 

^ (4.5) 



9!ff 9' N'^' " g^ 
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where {C°'{x)^^{x')) = S°'''{C,{x)C,{x')) , R is the Ricci scalar and Sg"^ is the counter term for 
the couphng constant. For example, on the sphere whose radius is 1, 

R,kji = GijGM - GuGk,, R={N-1)N> 0. (4.6) 

The propagator at the coincident point can be read-off from (13.31) . (13. 4p and (13. 5p . 

(mm) = i (I)' 4* + 21oga(.)}. (4.7) 

In dS space, it contains the time dependent logarithm. On the target space where the Ricci 
tensor is proportional to Gij, the effective coupling constant is 

g^ff g^ NAtt^ 
= 9 X - — 42 — 6. (4.9) 

^ 4:\27iJ VAy r(2-f) ^ ' 

The effective coupling constant increases with the cosmic evolution in the non-linear sigma 
model on Sn- On the other hand, the effective coupling constant decreases with cosmic 
evolution on a hyperboloid H^. 

As is well known, the non-linear sigma model on Sn is asymptotically free in 2-dimensional 
Minkowski space. The propagator at the coincident point is 

(axn^)) = - log/"' - 7 + log47r}, (4.10) 

47r £ 

where 7 is the Euler's constant. We find 



— + -— log/i. (4.11) 



The effective coupling constant increases as the mass scale is decreased in an analogous 
fashion. Although there are similarities between the non-linear sigma models in 4 dimen- 
sional de Sitter space and in 2 dimensional Minkowski space, there are important differences. 
Namely the coupling constant in the non-linear sigma model in 4d dS space changes with 
time while that in 2d Minkowski space remains the constant. Its evolution takes place un- 
der the renormalization group not under the time evolution. If the de Sitter invariance is 
maintained, the time evolution in a comoving coordinate can be related to the conformal 
transformation and thus the renormalization group. However the de Sitter invariance is 
broken by the IR quantum effects |28l H] . 
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We next consider the contribution to the cosmological constant where we can neglect the 
background field 

(T^,) = {5;5J - \n,urin{dpCd,i'' - jRacMdp^d^ee^"). (4.12) 



The one loop contribution is 



{d,Cd.n\,o = -N^^g,^. (4.13) 
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The contributions at 0{g'^) come from the following two terms 

3 

= I - —RG++(x,x) + N(5Z - %)} lim dpd'G++(x,x') 
3 9 ^'^^ 

+ ^Rd,G++{x,x)d^G++ix,x), 

{dpCd^nU- (4.15) 

= [ rf^x' a^(r') \i^RG++{x', x') - iN{6Z - ^) | 
J 3 g^ ' 

X ^"'^(r') [9pa;G++(x,x')9,9;jG++(x,x') - dpO'^G^- {x, x')d^d'i3G^- {x, x')] 

2 

R lim (9' 

X g''^{T')[dpG^^{x,x')d^G^+{x,x') - df,G+-{x,x')d,G+-{x,x')\ 
- j d^'x' a^(r') z^i?a'„G++(a;',x') 

X ^"'^(r')5;j[9pG++(x,x')9,G++(x,x) -^pG'^"(a;,a;')'9<.G+-(x,x')]. 



+ / d'^xWir') i^R lim 9'9'iG++(x',x" 



where 5Z is the counter term for the wave function renormalization. We use the in-in 
formalism to evaluate these expectation values[l], [2] 

G++(x,x') = (T0(x)6(a:')), G+-(x,x') ^ {Ux')Ux)). (4.16) 
Here T means the time ordering and C,i means the interaction picture. 

In each contribution in f l4.14p and fl4.15p . there exists a propagator which is not affected 
by the derivatives. So there is a single IR log factor in each contribution. Note that 
this power counting argument applies to non-linear sigma models with two derivative in- 
teractions. At the two loop level, the dominant term in the energy-momentum tensor is 
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proportional to Qf^i^g^ log a{T). Henceforth we calculate only the terms which are propor- 
tional to g^uQ^ log a{T) in f l4.12p . To do so, we extract the terms which are proportional to 
gpag'^ log a(r) in fl4.14p and f l4.15p . As we have explained in the preceding section, there could 
be no 6 ^Sj'g^ log a{T) type term in the energy-momentum tensor due to the conservation 
law. 



We can evaluate fl4.14p as 



3 g^ 



~ { - —RG^^{x,x)^N{bZ- -\) \ lim x') (4.17) 

^3 g ^'^^ 

= + 9pa log Q(r). 

If the Ricci tensor is proportional to Gij, the wave function renormalization factor is deter- 
mined from (14. 9p as 

5Z = g^ X - — 45 — -( 5. (4.18) 

6\2nJ Vv^y r2-| ^ ' 



( I4.15P is estimated as 

~ [ d'^x' a''{T'){i^—RG++{x\x')-iN{5Z-%)] 
J 3 g^ ' 

g"^{r') [dpd'^G++{x, x')d,d'0G++{x, x') - dp&^G+-{x, x')d,%G+-{x, x')] (4.19) 
-RaP j (f-'x' a^-"(r') log a(r') 
X g''^{T')[dpd'^G++{x,x')d„d'pG++{x,x') - dpd'^G+- {x,x')d^d'pG+- {x,x') 



X ^ 

2g' 
I — 
3 



Here the integrand is written as follows using the parametrization of the propagator given 
in (ESI) 

g''^{T')dpd'^Gix,xW^Gix,x') 
=a'a'\T')r^{^'\y)dpd'^yd,d'^y + Y\y)dpyd'^yd.yd'py (4.20) 
+ l"{y)l'{y){dp&aydayd'py + dpyd'^yd^d'^y)} . 



By substituting explicit expressions in ( 13. 4 p and ( 13. 5 p to (I4.19p and after neglecting the terms 



17 



which are proportional to 5^ or SJ^, we obtain 
2g 



m 



= ^jR (§A a'{r) X H'A I dWa^-(r') log a(r') J] F^, 
A^Ai (1 - - £)r(l - |)r(i - e). 



Here we have introduce the following eight tensors: 

4 4 

y++ y+- 



-f^po- - '/pc^L 3-e 3-£ J' 

-f'pa - '/per L 2-£ 2-£ J ' 

y++ y+- 

( r(4-^) 4f 4f r(4-|) 1 ^. 

p.- 2^^^- (^r(3 - |)r(2 - 1) L^y 2r(2-|)L^^-^ yi-_^- 



^ Ax,Ax^ ■ 32(1 - le)H'a\r') [-±^-^], 

^ y++ y+- 

F^, ^ Ax^Ax, . 4(1 - le)H'a\r') [^-4^], 

^ ?/++ y+- 

^ 2/++ 2/+- 



F«,^Ax,Ax.-i/V(r')^ 



X 



r(4 -e) . 4i_ r(4-|) J ^ 



r(3 - |)r(2 - I) 2r(2-|)Ly3-. ^3- 

where Ax'', y++ and are 



Axp — 



A4+ = -(|t - r'l - ie)2 + (x - x')^ 
A4_ = -(t - r' + ie)' + (x - x')', 

y++ = i/2a(r)a(r')A4^, = //2a(r)a(r')Aa:^ 
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where C is 



We explain how to calculate these integrals containing in Appendix A. 
We simply lists the results: 

H^'A J dWa^-^(r')loga(T')F^'^ 

H^A j (f-'x'a'-'{T')\oga{T')F% 
~4z7r log a(T) r^^^ ■ + 2 8J ' 

i/^A j d^-Va^-^(T') log a(T')F3^ 

~ 4z7r log a(r) " | " 3 ^ ~ 2 ¥ ^ 4 

i/^A y d^-'x'a^-'{T')\oga{T')Fl^ 
~ Ait: log a(r) ^p^^ • ^ -4- - 4 log ^ + 

//^A j (f-'x'a'-'{T')\oga{T')F^p^ 
~4z7r loga(T) ?7p^ •<!-- + -log— --j 
H^A j d^-Va^-^(T') log a(T')Fj^ 



9 

~ 4i7rMog a(r) ^p<7 ■ 



3 

~ 4i7rMoga(T) ?7p(t • j^, 



(4.33) 



(4.34) 



(4.35) 



(4.36) 



(4.37) 



(4.38) 



(4.39) 



11^(1 -|)^(l-£)r(l-£). (4.40) 
The total of these eight contributions is 

H'A I d'-^x'a'-%T') log a(r') ^ 4i7r^ log a(r) 77,. • ^. (4.41) 

In this way, the quantum expectation value of the quadratic kinetic term is found as follows 
up to the 2 loop level 

^ -^P<^^^ - log «(^)- (4-42) 
19 



Note that unlike in the scalar field theory with an interaction potential, the expectation value 
of the quadratic kinetic term {dp^'^dcr^"') is of the same order with the quartic interaction 
term 

By combining (I4.17p . f l4.42p . we find that there is no time dependence of the vev of the 
energy-momentum tensor up to the two loop level. 

{T,.) ^ N^^g,,. (4.43) 

Although there are time dependent IR logarithms in each contribution in agreement with the 
power counting arguments, they cancel out each other . The contribution to the cosmological 
constant is identical to that in the free field theory. 

Ae/-f~A-fi:A^ ^. (4.44) 

Note that we have neglected the term which is proportional to gf^ud"^- Such a term has no 
time dependence and can be subtracted by a counter term. 



4.2 Non-perturbative result : In the large N limit 

The IR power counting suggests that there could arise a (loga)"~^ factor at the n-th loop 
level in the expectation value of the energy-momentum tensor. It is because there could be 
n — 1 propagators left intact by the derivatives in a relevant diagram. At late times they 
could lead to large non-perturbative effects. In order to understand them, we investigate the 
non- linear sigma model on a sphere Sn in the large limit. The action of the non- linear 
sigma model on Sn is written as follows by introducing an auxiliary field x 

Smatter = J V^d'x [ - ^g^^^ d.if' d^if' - |((^0' ' ^)], (4-45) 

where i = 1 ■ ■ ■ N + 1. The field x imposes the following constraint 

= -r (4.46) 
9 

In the large A^ limit, we can neglect the fiuctuation of x- the early stage, the IR quantum 
fiuctuation of a scalar field is small. In order to satisfy the constraint (14. 46 p . we introduce 
the classical expectation value (y9*;(x))^ : 

{^li{^)f + m^)f) = (4.47) 
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It is because Xjg^ is a constant and the propagator for scalar fields is time dependent 

i72 



lX^\x)f) = {N^\y—\o^a{T). (4.48) 
The classical expectation value {^^\^^[x))'^ is identified with the effective coupling constant 



From ( ICTll . (ICTj) and ( ICTjl . 



(v'Ma;))' = (4.49) 



1 1 

- (A^ + 1)— log a(r). (4.50) 



9lfS g"^ 47r2 

The effective coupling constant increases with time. It agrees with the one loop result (14.81) 
to the leading order in A^. Since v^czl^) ^ ^eld with m? = x, we can perturbatively 
determine its mass from (I4.49p and the equations of motion as 

_ 3{N + l)g''H^ (4.51) 
~ 8^^2 ■ 

Here we don't perform the summation over i. 

As the dS expansion continues, the effective coupling becomes strong. In such a limit, the 
IR singularity is avoided by the dynamical mass generation we have demonstrated. In this 
case, the action (I4.45P is identified as the free massive field theory with the constant term 
xf^g"^- The propagator of the massive fields at the coincident point is 



3H 



4 



{{^r) = {N+l)-^^, (4.52) 

where we have assumes again that m'^/H'^ is small. From (I4.47P and (I4.52p . the mass of the 
scalar field is determined precisely as (I4.5ip . Such a dynamical mass generation mechanism 
is pointed out in |29]. We have demonstrated that the effective coupling constant increases 
as time goes on and the dynamical mass generation indeed takes place. The trace of the 
energy-momentum tensor is evaluated as follows 



(_lv2(<^*)2 + <^*vV - 2m2(^*)2 + ^) (4.53) 
2 



.V((^^)2)-m^((^^)^) + 5. 

^ g 
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In the third hne, we have used the equation of motion 



(4.54) 



By substituting (|432|) and (l43T|l to f03D . we obtain 



(T/) = (iV + 1) 



3H^ 



Ae// =A-k{N + 1) 



(4.55) 
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The effective cosmological constant is identical to the perturbative one fl4.44p to the leading 
order in N . We conclude that the interaction in the non-linear sigma model does not con- 
tribute to the cosmological constant in the large N limit. Of course, there are subsequent 
0{g'^N) terms but they are negligible if g'^N ^ H~^. We have found a complete cancellation 
of the IR logarithms which is not expected from the IR power counting arguments. 

We summarize the results of our investigation on the non-linear sigma model in 4d dS space. 
As it is shown in fl4.44p . the interaction doesn't induce time dependence to the cosmological 
constant at the 2-loop level. In the large limit, the effective cosmological constant is 
identical to that of the free fields. Even after the dynamical mass generation takes place, 
the contribution to the cosmological constant remains the same with the free massless field 
theory. Contrary to the IR power counting arguments, we find that the interaction doesn't 
make the cosmological constant time dependent in the non-linear sigma model in an explicit 
perturbation theory and large A^ limit. 

In ip^ theory, the interaction contributes to the cosmological constant mainly by the potential 
term. The expectation value of the potential term increases as time goes on and finally 
approaches a constant value. On the other hand, the non-linear sigma model is found 
to be equivalent to the free massless field theory with respect to the contribution to the 
cosmological constant. 

5 Trace of the energy- momentum tensor 

In this section, we evaluate the effective cosmological constant by using the equation of mo- 
tion. We can check the validity of our results in the preceding sections by simply evaluating 
the trace part of the energy-momentum tensor. It is because the g^v term is always dominant 
in the energy-momentum tensor irrespectively whether the de Sitter invariance is respected 
or broken by IR quantum effects. So the vev of the energy- momentum tensor is written as 
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follows to the leading order of the IR effect 



(T,.) ^ ^(T/). (5.56) 



The effective cosmological constant is 



Ae//^A-^(T/). (5.57) 



Let us consider ip'^ theory, 



In the third line, we have used the equation of motion 



VV - = 0. (5.59) 



6 

Perturbatively, (yj^) is evaluated as follows [9J up to the 2 loop level 



{^'') ^ ^loga(r) - -^l^log^ a(r). (5.60) 



By substituting (K^f to fl33g]) . 



(5.61) 



(V)-^-^log^«M^ 
Apff A — K 7 + K^-— - log a r . 

This result agrees with f l3.23p . 

In the stochastic approach, {ip^) eventually becomes constant. Therefore, from f l5.58p . 

(T/) = 0, Ae// = A. (5.62) 

The contribution from a scalar field to the effective cosmological constant vanishes. This 
result is in agreement with f l3.38p . It is an accident in yj^ theory. In yj^™ (m ^ 2) theory, 
the contribution from the potential term remains after using the equation of motion. 
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The non-linear sigma model can be investigated in a similar way. In a perturbative expansion, 
the trace of the energy-momentum tensor is evaluated as 



In the third line, we have used the equation of motion 

6 V-g 

+ ^{Rcadb + RcMa)9'"'d,Cdu^T = 0- 
D 



(5.64) 



We then use the equation of motion at 0{g^) and extract the dominant terms with respect 
to the IR logarithms, that is, the term which contains (^^) 



2 ^ ' 2%4 ^ ^ 



(5.65) 



2^ 



The propagator at the coincident point is evaluated as follows to 0{g 

{CO ^ log a(r) - f^log'^M- (5-66) 

We explain how to calculate it in Appendix B. From (15.651) and (I5.66p . we find that the 
contribution to the cosmological constant has no time dependence up to the two loop level. 

O TT4: 

(T ^) ~ A^- — 
Aeff ~ A - kN- 
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This result is in agreement with (I4.44p . 



6 Conclusion 



In a quantum field theory in dS space containing a massless and minimally coupled scalar 
field, we need to introduce an IR cut-off to regularize the IR divergence in the propagator. 
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In other words, there is no de Sitter invariant vacuum in such a theory. This IR cut-off 
breaks the dS invariance and gives rise to a growing time dependence to the propagator. In 
an interacting field theory, it could induce a time dependence to the effective cosmological 
constant. We have investigated such an effect by evaluating the quantum expectation value 
of the energy-momentum tensor. 

In a scalar field theory interacting through the potential, the potential term dominantly 
contributes to the effective cosmological constant in comparison to the kinetic term. Since 
the IR logarithms become large with the cosmic expansion, we need to resum these logarithms 
to all orders. The leading IR effect, including the non-perturbative effect, can be evaluated 
by the stochastic approach. Although the expectation value of the energy-momentum tensor 
does not respect de Sitter invariance, the two independent coefficients are related by the 
conservation law. 

In this paper, as a model with derivative interactions, we have investigated the non-linear 
sigma model in perturbation theory and in the large N limit. In agreement with the IR power 
counting, the coupling constant of the non-linear sigma model becomes time dependent at 
the one loop level. The same argument indicates that there could arise a (loga)"~^ factor at 
the n-th loop level in the expectation value of the energy momentum tensor. In perturbation 
theory, we have indeed found that such an IR log factor in each contribution at the two loop 
level. 

However the IR logs at the two loop level cancel each other to give no time dependence 
to the effective cosmological constant. The time independence of the effective cosmological 
constant is also found at a non-perturbative level. We indeed find that the cosmological 
constant is not renormalized by the interaction in the large limit. We may reflect on our 
results in this paper as follows. If the non-linear sigma model approaches an equilibrium 
state at late times, it may be described by a Euclidean field theory on 5*4. IR dynamics 
of such a theory is trivial since the zero mode decouples from the action as it represents a 
global symmetry transformation. 

Although large A^ limit is available in the non-linear sigma model, we don't know how to 
evaluate the non-perturbative IR effect in a general model with derivative interactions. It 
is very desirable to develop such a tool. Especially such a tool is necessary to understand 
the IR quantum effects of gravity. That is because the gravitational field contains massless 
and minimally coupled modes |5l |30l [HI [32] . The existence of an equilibrium state is also 
questionable as the Euclidean quantum gravity suffers from the conformal mode instability. 
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A Integrals containing tensors 



Here we explain how to calculate the integrals containing FJ^ tensors. Most of them can be 
evaluated by applying the procedure developed in [6]. However special considerations are 
required for the tensors with m = 4,8. 



A.l Integrals containing F™ except with m = 4,8 

First, we calculate the integral which contain F^^. The integral of F^^ is 

H^A I d^-'x' a^-'{T') log a{T')Fl 

^ (A.l) 
= Vp.H-'^''Aa-'^%r) j ci^'V loga(r') x - ^-^]. 

The integrand is written as follows 



Aa;8-2^ 25(3-e)(2-£)(l-e)(2-|)(l-f) e Ax^-^^' 

where we abbreviate the indexes ++, H — because the above identities work out in both 
cases. From (14.311) . 



1 _ 2ie{2 - e)6{T - t') 4in^~^ 



(A.3) 



26 



By using (lA.Sp . we extract the UV divergent part 

e Ax^-f - e ^ Ax^-+2- Ax^"/ ^ ^ eT{l - |) ' ^ 

A4, ^ + irxi^iy^^ ^(---)' 
T a4^ a4^ " a4^^ 

_9^^ 1og(^^Ax^_) ^ 
2 ^ Ax^_ ^' 

where we introduce the mass parameter fi to correct the dimension. 



(A.4) 



By substituting ( 1X21) and (lOl) to ( lAH) 



i/^A / d^-V a^-^(r') log a(r')F;, 



— 1 SI /" 

r/p. — (1 + -e)i/-^+^^Aa-^+^(r)9o^ y rf^" V log a(r') (A.5) 



X 



. log(/x^A4^) log(/i^A4_) 4m^-f/x~^ _ 
2 L Axl^ Axl_ J ^ £1(1 - 1) ^ ^ 



where the derivative operator outside the integral is equal to the time derivative da ^ado. 
To evaluate f lA.Sp . we use the following identity 

i^^^^^ = log^(/.^Ax^) - 21og(/i^Ax^)}. (A.6) 

From fl4.3ip . the each logarithm is 

log(/i'Ax^+) = log(/i2|Ar2 - r^l) + tnOiAr^ - r^), 

log(/x2A4_) = log(/i2|Ar2 - r^l) - z7r0(Ar2 - r2){e(Ar) - ^(-Ar)}, 

where Ar = t ~ r', r = |x — x'|. By using (1A.6P and (]A.7p . 

/ .S' log air')^ [!25(^ _ i2i(g£L)] ,A,) 

r dr' loga(r') /"^"r^dr {log {fx^{AT^ - r^)) - l} 
r dr' loga(r')Ar3{^log(2/xAr) - ^} 
427r29o / c/r' log a(r ) log(2^Ar) 

4zvr2{ log a(r) log -| - log^ a(r) - «^(r)^ rfa(r') g log a(r')}. 
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By substituting f[0|) to ([QD . 

H^A j rf^-V a^-^(r') log a(r')F^V (A.9) 



'^ 96^ 12 ^ V ; V V 'g^(^^y \£r(l-f) ^ ^ ^ 



2/i 9 Z""*^^^ 

+ log a(r) log — - log^ a(r) - a^(r^ 



~ 4i7r^loga(r)?7po- ■ 0. 

Here we extract the terms which are proportional to log a(r). The integrals containing F^^ 
and F^^ are calculated analogously. 



per 

flrp Pfl Ipiilflf pH flnfllocrnnslv 

per 



Next, we calculate the integral containing F^^. 
H^A [ d^-'x' a^^' {t') log a{T')Fl 



= H-'^'^Aa-'^%r) J rf^'V a{r') loga(r') x 32(1 - ^e) - . ^^'^^^ 

The integrand is written as follows 

^^p^^<^ = Zl Id d + Hl^Xd'^^— (A 11) 

25(4-£)(3-£)(2-e)(l-£)(l-f)l " " 4-eJ £ Aa;2-2^' ^' ^ 

Note that the integral of the first term in flA.llI) is proportional to 5^5^. So we neglect the 
first term in (lA.lip . The integral containing F^^ is identified as follows 

H^A j d^-'x' a^-' {t') log a{T')F^^ (A.12) 

^ ^-W^' + -e)/f-^^^Aa-^+^(r)9o^y d-V log a(r')-[^ - ^] . 

The subsequent processes are carried out just analogously with the integral containing F^^. 
The integrals containing F^^ and Fj^ are calculated in a similar fashion. 



A. 2 Integrals containing F^^ and F^^ 

We need a special consideration when we evaluate integrals containing F^^ and F^^. These in- 
tegrals consist of the two parts, one part containing 1 / Aa;^""^^ and the other part containing 
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l/Ax^" ^. Specifically the integral containing F^^ + F^^ is written as follows 

H'A I d'-^x'a'-%r') loga(r')(F^^ + F«J (A.13) 



4r(2-f)- 



^'^^ 4ii/^/la-2+i(r) J rf-^-Va^- § (r') log a(T'){^ 



2r(3- |)r(2 - 1) ^ 'J V / o V ^i/^x4-e 

_ M Mr') AxpAx^ \ 
^ ' a{r) Ax^-' y 

We can evaluate the part containing l/Aa;^""^"^ by the procedure we just explained. 

r(4 



4r(2 



_3 

~ Ain^ log a{T)r]pa ■ —. (A. 14) 

When wc calculate the part containing we should note that the UV divergences 

at Ax ~ are not regularized in the following integrals even if £ > 



/ 



d^-'x' —4 , n>2. (A.15) 



So we have to combine the terms in the integral so that these ill-defined terms don't appear. 
Herein the part containing 1 / Ax^"~^ is rewritten as follows 

r(4 - e) 



2r(3-|)r(2-|) 



-4^H'Aa-^+^T) j ci^-Va2-i(T') log a(T'){^^ 

a(r') AxpAxa ' 



-(4-£) 



a(T) Ax^- 

r(4 - e) 



2r(3- |)r(2 



-— 4ii/^^a-'+i(T) I dWa^-ifr') log a(r') I 
- fj J ^Ax'^ 



By the power counting, it is found that the term containing ArAxpAxa/ Ax^ ^ is not diver- 
gent. To evaluate this term, we use the following identity 

ATAxpAx^ _ -1 r ^ 1 . ^ ^ Axc. 



Ax^-' (4-£)(2-£)l "Ax2-- " "Ax2-- ^^^^^ 



+ 
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It is found that the residual term has no UV divergence from the following identities 



Vpo 



-(4-^; 



AXpAXa —1 

' Axl-_^ ~ 2-e 

AXnAXrr "1 



1 



Ax 



2-e 



+ 



2(2 - e)ie6{Ar)6p'^6j^ 
A4J 



(A.18) 



Ax 



4-e 



Ax 



2-e ■ 



By substituting (1A.17|) and (]A.18|) to (]A.16|) and extract the terms which are proportional 
to r]p„ log a(r), 

r(4 - s) 



2r(3 - |)r(2 - r/'H^'^a-'^Hr) I d^-^x'a^'Hr') loga(r' 



Ax^-' 
,^ HArAxpAxcr 



Ax^- 



3 f 11 

^ - r]p^-Ha-\r)do J d'^x'a^ir') log a(r') x A^^^ 



~ 4ot^ log a(r) r]p„ ■ -. 

o 

Here we have used the identity 



^ = -5Mog(/.^Ax^^ 
and ^K7\f . From (lAlS]) . (lAli]) and (lAlQ]) . we obtain 



Am'^ log a{T) r]p„ ■ 



16' 



(A.19) 



(A.20) 



(A.21) 



B Two point function in the non-linear sigma model 



The two point function at the 2 loop level is evaluated as follows 
= [ d^'x' a^(r') i^R lim d'J'LG+^{x',x") 

J 3 x"-^x' ^ 

X g''^{T')[G^+{x,x')G^+{x,x')-G^-{x,x')G+-{x,x')\ 

- J rfV a^(r') tjRd'^G++{x',x') 

X g"^{T')d'p[G++{x,x')G++{x,x') - G+-{x,x')G+-{x,x')] 



(B.l) 
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+ f rf^a;' a^(r'){i-i?G'++(a;',x') -^Ar(5Z- ^)| 
J 3 ' 

X g''^{T')[d'^G++{x,x')d'pG++{x,x') -d'^G+-{x,x')d'^G+-{x,x')]. 

We extract the dominant terms which are proportional to log^ a(r). We find that only the 
following part of the propagator contributes to the dominant terms 

tt2 

G{x,x') ~ -—logH^Ax^. 
The contribution from each diagram is as follows 

[ rf^x' a^(r') i^R lim d'^d'/^G^+ix'^x") (B.2) 

J 3 x"— s>x' 

X g''^{T')[G++{x,x')G++{x,x') - G+-{x,x')G+-{x,x')] 
rfV a\T')[\og\H^Axl^) - log2(/72Ax^ 



. g^RH^ 



25 ■ 37r4 



log a(r), 



- J a^(r') a;') (B.3) 

X g'"^{T')d'^[G+^{x,x')G++ix,x') - G+-ix,x')G+-ix,x')] 



25 ■ 371^ 



log^ a(r) 



/" rfV a^(r'){2— -«iV((5Z- %)} (B.4) 
X g''^{T')[d'^G++{x,x')d'i,G++{x,x') - d'^G+-{x,x')d'^G+-{x,x')] 

Note that the power of the leading IR logarithm is not equal to the number of propagators 
left intact by the derivatives. Time derivative operator increases the power of scale factor 
a(r') while the inverse of metric g^^'^ir') decreases it. From (EI]), (E2l), (EH]) and (El, 

(mi.^^-|^log^aM- (B.5) 
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